1 Introduction. In [Pe02I] §10.3 G. Perelman gives the following theorem.
Theorem 1 There exist ǫ, δ > 0 with the following property. Suppose g ij (t) is a smooth solution to the Ricci flow on [0, (ǫr 0 ) 2 ], and assume that at t = 0 we have | Rm |(x) ≤ r −2 0 in B(x 0 , r 0 ), and Vol B(x 0 , r 0 ) ≥ (1 − δ)ω n r n 0 , where ω n is the volume of the unit ball in R n . Then the estimate | Rm |(x, t) ≤ (ǫr 0 ) −2 holds whenever 0 ≤ t ≤ (ǫr 0 ) 2 , dist t (x, x 0 ) < ǫr 0 .
He continues: "The proof is a slight modification of the proof of theorem 10.1, and is left to the reader. A natural question is whether the assumption on the volume of the ball is superfluous."
In this note by using the idea in the proof of Perelman's pseudo locality theorem (Theorem 10.1 in [Pe02I] ) we will show Theorem 2 Given n and v 0 > 0, there exists ǫ 0 > 0 depending only on n and v 0 which has the following property. For any r 0 > 0 and ǫ ∈ (0, ǫ 0 ] suppose (M n , g(t)) is a complete smooth solution to the Ricci flow on [0, (ǫr 0 ) 2 ] with bounded sectional curvature, and assume that at t = 0 for some x 0 ∈ M we have curvature bound | Rm |(x, 0) ≤ r −2 0 for all x ∈ B g(0) (x 0 , r 0 ), and volume lower bound Vol g(0) B g(0) (x 0 , r 0 ) ≥ v 0 r n 0 . Then | Rm |(x, t) ≤ (ǫr 0 ) −2 for all t ∈ [0, (ǫr 0 ) 2 ] and x ∈ B g(t) (x 0 , ǫr 0 ).
In §2 we will give a proof of Theorem 2 using two technical lemmas which will be proved in §3. In §4 we will give an example which shows that the curvature bound in Theorem 2 is false without the assumption Vol g(0) B g(0) (x 0 , r 0 ) ≥ v 0 r n 0 . 2 Proof of Theorem 2. First we give a proof of Theorem 2 assuming Proposition 1 below. Then we will prove the proposition.
Proposition 1 Given n and v 0 > 0, there exists ǫ 0 > 0 depending only on n and v 0 which has the following property. For any r 0 > 0 and ǫ ∈ (0, ǫ 0 ] suppose (M n , g(t)) is a complete smooth solution to the Ricci flow on [0, ǫr 0 ) 2 ] with bounded sectional curvature, and assume that at t = 0 for some x 0 ∈ M we have curvature bound | Rm |(x, 0) ≤ r −2 0 for all x ∈ B g(0) (x 0 , r 0 ), and volume lower bound
Proof of Theorem 2. It suffices to prove the following statement. For the solution g(t) in Proposition 1 we have
If (1) is not true, there is a point x ∈ B g(t) (x 0 , ǫr 0 ) \ B g(0) x 0 , e n−1 ǫr 0 . Let γ(s), 0 ≤ s ≤ s 0 , be a unit-speed minimal geodesic with respect to metric g(t) with γ(0) = x 0 and γ(s 0 ) = x. Then s 0 < ǫr 0 , and there is a s 1 ∈ (0, s 0 ] such that γ(s 1 ) ∈ ∂ B g(0) x 0 , e n−1 ǫr 0 and γ([0, s 1 )) ⊂ B g(0) x 0 , e n−1 ǫr 0 . In particular, the length satisfies
From the curvature bound | Rm |(x, t) ≤ (ǫr 0 ) −2 in Proposition 1 and the Ricci flow equation, we have
Hence we have
ds ≤ e n−1 · s 0 < e n−1 ǫr 0 .
This contradicts with (2), and (1) is proved. The theorem is proved assuming Proposition 1.
In the rest of this section we give a proof of Proposition 1.
Proof of Proposition 1. After parabolically scaling the Ricci flow g(t) by r −2 0 , it suffices to prove the proposition for r 0 = 1 which we assume from now on. Suppose the proposition is not true, then there are n, v 0 > 0, a sequence of ǫ i → 0 + , and a sequence of complete smooth solutions to the Ricci flow (M n i , g i (t)) , t ∈ [0, ǫ 2 i ], with bounded sectional curvature such that the following is true for each i:
To get a contradiction from the existence of sequence {(M i , g i (t))}, we need the following point-picking statement whose proof is simpler than the proofs of the point-picking claims used by Perelman in [Pe02I] , §10.1.
If (x i , t i ) from (iii) satisfies the curvature bound of the claim, i.e.,
we choose (x i ,t i ) = (x i , t i ) and the claim is proved.
If (x i , t i ) does not satisfy the curvature bound of the claim, then there is a point
If (x 1 i , t 1 i ) satisfies the curvature bound of the claim, we choose (x i ,t i ) = (x 1 i , t 1 i ) and the claim is proved.
If (x 2 i , t 2 i ) satisfies the curvature bound of the claim, we choose (x i ,t i ) = (x 2 i , t 2 i ) and the claim is proved.
If (x 2 i , t 2 i ) does not satisfy the claim, then there will be a point (x 3 i , t 3 i ) and we can continue the above process of arguments. Hence for each i either we get a finite sequence points {(
which satisfies the following. Let
. Now we show that for any i there can not be infinite sequence {(x k i , t k i )} ∞ k=0 from which the claim follows. We compute
where we have used
On the other hand we have
which is impossible. Now Claim A is proved.
Let (x i ,t i ) be as given by Claim A. We divide the rest proof of Proposition 1 into three cases according to the value of
equals to infinite, positive finite number, or zero. We will derive contradictions in all three cases.
Case 1.α = +∞. From Claim A and the choice of
From the assumption (i) and (ii) of the contradiction argument and the BishopGromov volume comparison theorem there is a constant v 1 > 0, depending only on n and v 0 , such that
Let δ δ 0 > 0 be the constant in Theorem 10.1 in [Pe02I] corresponding to α = 1. Applying Lemma 1 below to metric 4g i (0) and ball
conclude that there is a r 1 < 1 2 , depending only on n, δ 0 and v 1 but not depending on i, such that
Let r 2 min r 1 ,
, and letĝ i (t) = (r 2 ) −2 g i ((r 2 ) 2 t), 0 ≤ t ≤ (r 2 ) −2 ǫ 2 i . It follows from assumption (i) that the scalar curvature Rĝ i (·, 0) ≥ −1 on Bĝ i (0) (x i , 1). It follows from (5) we have
For i large enough we can apply Theorem 10.1 in [Pe02I] to Bĝ i (0) (x i , 1) ,ĝ i (t) , 0 ≤ t ≤ (r 2 ) −2 ǫ 2 i , and conclude
for all t ∈ (0, ǫ 2 i ] and x ∈ B g i (t) (x i , ǫ i ). In particular
for all large i. This contradicts with the assumption of Case 1 thatα in (3) is infinity.
Let b 0 be a constant bigger than 11 3 (n − 1)(α + 1) + 1 to be chosen later (see (11) below). By passing to a subsequence we have
(2iv)t i ≤α + 1,t i →α, A i > 2e 4(n−1)(α+1) b 0 , and A i → ∞.
Applying Lemma 2 toĝ i (t) with
Recall the curvature Rmĝ i of Ricci flowĝ i (t) satisfies
Now we compute the evolution equation of
and |Rmĝ i | ≤ 4 on supp h i (·, t). Here φ is the function defined in the proof of Lemma 2.
Let u i h i |Rmĝ i | 2 . We have proved
Let H i > 0 is the backward heat kernel to the conjugate heat equation on (M i ,ĝ i (t)) with t ∈ [0,t i ] centered atx i , i.e.,
Hence it follows from a simple integration that U i (t) 
By the definition of h i we have at t =t i (8)
where we have used support supp h i (·, 0) ⊂ Bĝ i (0) (x i , 2b 0 ) in the first inequality and (2iii) in the second inequality. Hence we have
By combining (7), (8), and (9) we get 1 ≤ e . (10) is impossible sincē
Hence we get the required contradiction for Case 2.
Case 3.α = 0. The proof for this case is similar to the proof of Case 2. Let
By passing to a subsequence we have
Applying Lemma 2 toĝ i (t) with b = 2 we get a function h i :
We compute
and |Rmĝ i | ≤ 4 on supp h i (·, t).
Let H i > 0 is the backward heat kernel to the conjugate heat equation on
Hence it follows from a simple integration that U i (t)
At t =t i we have
On the other hand by an argument similar to the proof of (9) we have
By combining (13), (14), and (15) This is impossible sincet i → 0 andQ i → ∞. Hence we get the required contradiction for Case 3. Now we have finished the proof of Proposition 1.
Proof of two technical lemmas
In the proof of Proposition 1 we have used the following two lemmas. Intuitively the first lemma says that if a ball of radius 1 has bounded sectional curvature and is noncollapsing, then the isoperimetric constant on small certain size ball is close to the Euclidean one. Note that the next lemma and essential the same proof are also given by Yuanqi Wang [W] .
Lemma 1 Given n, v 0 > 0, and δ 0 > 0, there is r > 0, depending only on n, v 0 , and δ 0 , which has the following property. Let B (x 0 , 1) be a ball in Riemannian manifold (M n , g) which satisfies
(II) The Riemann curvature |Rm| ≤ 1 on B (x 0 , 1), and
Then we have
for all regular domain Ω ⊂ B (x 0 , r). Here c n = n n ω n is the isoperimetric constant for Euclidean space.
Proof.
Step 1. Injectivity radius bound. Under the assumption of Lemma 1, by a theorem of Cheeger-Gromov-Taylor ( [CGT] , Theorem A.7) there is a ι 0 > 0 depending only on n and v 0 such that for any x ∈ B x 0 , 1 2 we have inj x ≥ ι 0 .
Step 2. Metric tensor on ball B (x 0 , 1). Let x = x i be the normal coordinates at x 0 . It follows from a result of Hamilton ( [CCCY] , Theorem 4.10 on p.308) that for any ε > 0 there is λ 0 = λ 0 (n, ε) such that metric tensor (17) (
for all |x| ≤ λ 0 . Note that (δ ij ) is Euclidean metric in the coordinates x i .
Step 3. Approximation argument. Let r min {ι 0 , λ 0 }. Now we consider a regular domain Ω ⊂ B (x 0 , r). We compute
Let {θ a } n−1 a=1 be an orthonormal frame of ∂Ω, (δ ij )| ∂Ω at some point x and let {θ * a } be the dual frame. The area form dσ (∂Ω, (δ ij )| ∂Ω ) at x is given by θ * 1 ∧ . . . ∧ θ * n−1 . The
Now we compute
Given δ 0 we choose ε such that
this in turn requires us to choose the corresponding λ 0 (n, ε) to ensure (17). Then Lemma 1 holds for r = min {ι 0 , λ 0 }.
The second lemma is about the existence of an auxiliary function.
Lemma 2 Let (M n , g (t)), t ∈ 0,t , be a solution of Ricci flow. Let b be a constant bigger than 11 3 (n − 1)t + 1 and let A be a constant bigger or equal to 2e 4(n−1)t b. We assume that closed ball B g(0) (x, A) ⊂ M be a compact subset and that | Rm |(x, t) ≤ 4 for all (x, t) ∈ B g(0) (x, A) × [0,t]. Then there is a function h : B g(0) (x, A) × [0,t] → [0, 1] such that for each t ∈ [0,t] the support supp h(·, t) ⊂ B g(t) (x, 2b − 11 3 (n − 1)t) ⊂ B g(0) (x, A) and for all (x, t) ∈ M × [0,t]
The lemma is proved.
4 An example. In this section we give an example showing that the volume lower bound assumption in Theorem 2 can not be dropped. Let r be an arbitrary positive constant. Let (Σ 2 , g 0 r ) be a sphere which contains a round cylinder S 1 (r) × [−1, 1] of radius r and length 2. We have Vol g 0 r (Σ) ≥ 4πr. We assume volume Vol g 0 r (Σ) ≤ 20r. Let (Σ 2 , g r (t)), t ∈ [0, T r ), be the maximal solution of Ricci flow with g r (0) = g 0 r . Then
Let p ∈ S 1 (r). Then x 0 (p, 0) is a point in Σ. For any ǫ 0 we can choose r small enough so that T r < ǫ 0 . Clearly we have |Rm| (x, 0) = 0 for all x ∈ B gr(0) (x 0 , 1) and Vol g 0 r (B gr(0) (x 0 , 1)) ≤ 4πr. For any ǫ ∈ ( 1 2 r, T r ), should the conclusion of Theorem 2 holds for g r (t), we would have |Rm| (x 0 , ǫ) ≤ ǫ −2 < 4r −2 . Since ǫ is arbitrary, we have lim t→Tr |Rm| (x 0 , t) < 4r −2 . However it is well know that limit should be infinity. Hence Theorem 2 does not hold for g r (t).
By taking the product of (Σ 2 , g r (t)) with flat torus we get high dimensional examples.
